A relation between gravity on Poisson manifolds proposed in [1] and Einstein gravity is investigated. The compatibility of the Poisson and Riemann structures defines a unique connection, the contravariant Levi-Civita connection, and leads to the idea of the contravariant gravity. The Einstein-Hilbert-type action yields an equation of motion which is written in terms of the analog of the Einstein tensor, and it includes couplings between the metric and the Poisson tensor. The study of the Weyl transformation reveals properties of those interactions. It is argued that this theory can have an equivalent description as a system of Einstein gravity coupled to matter. As an example, it is shown that the contravariant gravity on a two-dimensional Poisson manifold can be described by a real scalar field coupled to the metric in a specific manner. 
Introduction
Both Riemann and Poisson structures play significant roles in physics and mathematics. The former provides us with a geometrical intuition about spacetime and gravity, while the latter provides us with a geometrical intuition about the time evolution of a system and quantization. Here, we investigate the interplay between these two structures through a consideration on gravity on Poisson manifolds.
In quantum mechanics, it is well-known that a point in phase space can only be determined to an accuracy of the order of Planck's constant . The Heisenberg uncertainty principle can be regarded as a measure of the noncommutativity in the quantum world. The Poisson structure in phase space appears as a semi-classical approximation of the quantized system. Analogously, a Poisson structure of spacetime can be interpreted as a semi-classical approximation of the spatial noncommutativity. The idea of noncommutative spacetime can be traced back to Snyder [2] . Since then the application of this idea to physics, especially to gravity, has been discussed intensively in the literature [3, 4] . For a review see for example [5, 6] .
Recently, in the string theory context the concept of a minimal length is discussed. It is argued that it can be understood as an origin of noncommutativity in probing spacetime geometry [7, 8] . For review see for example [9] . There is also a proposal of gravity on noncommutative spacetime in relation with deformation quantization [10, 11] . It is based on the quantization of the diffeomorphism by twisting the Hopf algebra structure and there, a noncommutative algebra is formulated by the star product. See also [12] .
One possible scenario would be that a gravity theory on noncommutative spaces gives an effective theory of quantum gravity. The noncommutativity should be very small and the effective theory can be described well by a semi-classical approximation. We can imagine that the relic of noncommutativity appears as a Poisson structure, and that the resulting Poisson structure should be compatible with the Riemann structure. From this point of view, gravity on noncommutative spaces and its semi-classical approximation, i.e. a gravity on Poisson manifolds, should be issues worthy of being studied.
The gravity on Poisson manifolds, which we refer here to as contravariant gravity, is formulated by Riemannian geometry compatible with a Poisson structure. The corresponding geometry is specified by a unique connection consisting of a Riemannian metric and a Poisson tensor, called the contravariant Levi-Civita connection. Such a geometry has been advocated in physics [1, 13] as well as in mathematics [14] [15] [16] [17] [18] . This geometry enables us to introduce the Poisson tensor as an intrinsic geometrical degree of freedom rather than a matter degree of freedom.
It is an interesting question to ask how the effect of the Poisson tensor incorporated in the geometry of contravariant gravity looks like. Can the effect be represented as a matter field in the usual Einstein gravity? Similar considerations are also found, for example, in Kaluza-Klein theory, where a five-dimensional metric governed by the Einstein-Hilbert action is decomposed into a four-dimensional metric, a U (1) gauge field and a real scalar field, forming the fourdimensional Einstein-Maxwell dilaton theory. The aim of this article is to shed some light on these issues.
The organization of this article is as follows. In section 2, we give a brief review on the Riemannian geometry relevant for the contravariant gravity. The invariant measure and the divergence theorem are also discussed. In section 3 we give an action which describes the Einstein-Hilbert action in such a geometry. This theory, i.e. the contravariant gravity, incorporates the Poisson tensor as a geometrical degree of freedom on an equal footing with the metric, rather than a matter degree of freedom. Then, we discuss the equation of motion and a field redefinition given by a Weyl transformation. In section 4 we give a concrete example by applying the field redefinition to the action of our theory to the case of a two-dimensional Poisson-Riemannian manifold. It is shown that the theory has another description by Einstein gravity coupling to a real scalar field in a specific manner. The final section is devoted to summary and discussions. Appendices are for reference to the reader, making a brief introduction to the Lie algebroid induced by a Poisson structure and the Riemannian geometry based on the algebroid, and presenting some computational details.
Overview of Riemannian Geometry on Poisson Manifolds
In this section we introduce a geometry describing gravity on a Poisson manifolds, which we call "contravariant gravity". This geometry is based on a unique connection specified by the metric-compatibility and the torsion-free conditions [1, 13] . See also [14] [15] [16] [17] [18] . We give a summary on the definitions of geometrical notions as well as our notations in appendix A.
Contravariant Derivatives, Torsion and Curvature
Let M be an n-dimensional Poisson-Riemannian manifold equipped with a Poisson tensor
For any one-forms ξ = ξ i dx i and η = η i dx i , the definition of the connection (A.3) gives the following expression
In general, the contravariant derivative∇ ξ for an (r, s)-tensor field is given bȳ
The contravariant Levi-Civita connection (2.2) is specified as the unique solution compatible with the metricity∇ dx k G ij = 0 and the torsion-free condition:
It also satisfiesL
HereL stands for the contravariant Lie derivative, acting on a function f as
and [ , ] θ denotes the Koszul bracket, which is defined for one-forms ξ = ξ i dx i and η = η i dx i as
The contravariant Lie derivative acting on a tensor of type (r, s) is defined bȳ
where we have introduced a matrix
For a derivation of these formulas, see reference [1] . The curvature tensor is defined bȳ
The corresponding Ricci tensor is defined by contracting an upper index of the curvature tensor with a lower one,R kj :=R klj l . Then, the scalar curvature is obtained by taking a contraction between the metric G and the Ricci tensor:
where
The curvature satisfies the following Bianchi identities
14)
In addition to these identities, there is an additional identitȳ
This property, together with the Bianchi identity, guarantees that the Ricci tensor is a symmetric tensor. We can also define an analog of the Einstein tensor of the form
which satisfies∇ 18) owing to the Bianchi identities (2.14) and (2.15).
Transformation Laws of
The contravariant Lie derivative (2.9) of the metric tensor G ij can be written in terms of the contravariant derivatives (2.4) as
where we used a fact that∇ dx k G ij = 0. This is a contravariant counterpart of L X g ij = ∇ i X j + ∇ j X i in the usual Riemannian geometry. It is also shown that the Kronecker delta is invariant under the contravariant Lie derivatives:L ξ δ k l = 0. Then we obtain
Using an identity
we find a useful relation:
There is a crucial difference between the above relation and the one in usual Riemannian geometry: The covariant counterpart is given by 24) which plays an important role in the proof of the general covariance of the action integral. On the other hand, in the contravariant geometry the quantityΓ ji j in (2.23) arises as an obstruction to the "covariance" of the naïve integral measure √ G −1 d n x. This obstruction forces us to introduce an additional factor into the invariant measure. For later purpose, we note the following relation: For any scalar F , we havē
which is shown by using (2.21) and (2.22).
Divergence Theorem and Invariant Measure
As discussed above, a naïve integral measure √ G −1 fails to give a measure invariant under the contravariant Lie derivatives. The invariance is broken by the existence ofΓ ji j in (2.23). The removal of this obstruction has already been discussed in [1] , where an invariant measure is constructed by multiplying √ G −1 by a scalar factor e φ . However, we conclude that it is not possible to obtain an integral which is fully invariant under the contravariant Lie derivatives, due to (2.25). We give details on this issue in the latter half of this subsection.
Divergence Theorem As in usual Riemannian geometry, we can also formulate the divergence theorem (2.24) in contravariant differential calculus. An invariant measure e φ √ G −1 satisfies the "divergence theorem" if it holds
This requirement imposes a condition on φ:
The proof is as follows: Take the derivation in right-hand side of (2.26) then substitute (2.27) for θ ij ∂ j φ. Using the formula ofΓ ji j , we obtain the left-hand side. Note thatΓ =Γ ij i ∂ j defines a vector field (see appendix A). By a straightforward computation, this vectorΓ turns out to be d θ -closed. Thus, it makes sense to ask whether the vector Γ is d θ -exact or not. The condition (2.27) is nothing but d θ -exactness ofΓ. In this article, we assume that the vector fieldΓ is a trivial element of the first d θ -cohomology, i.e., there exists a function φ satisfying the equation (2.27).
In the case where the Poisson tensor is invertible, i.e. there exists a symplectic structure, the equation (2.27) can be solved by the ansatz
It is straightforward to show that this ansatz solves the condition (2.27).
Invariant Measure
Here we discuss about the measure which is invariant under the transformation generated by the contravariant Lie derivatives. We see that it is impossible to obtain an integral which has full invariance. It turns out that we have to restrict the transformation by imposing a condition on the transformation parameter. Let us first consider the general condition for the invariant measure:
The above requirement guarantees the invariance of the measure e φ √ G −1 itself 4 . In order to define an invariant action, we have also to require invariance of an integration with a scalar function. The condition (2.29) gives the relation for any scalar integrand F
Hence, we have to require C = 1 5 .
4 In [1] C = −1 is realized for any one-form ξ, by setting θ ij ∂jφ =Γ ji j . This condition for φ can be re-expressed as ∂j(e
But this condition involves a one-form ξ and the argument is carried out in a parallel manner with that in the main body. This is reduced to the case when we set θ ij ∂j φ =Γ ji j .
However, the condition (2.29) with C = 1 can not be realized for a general one-form ξ, since the second term in (2.25) can not be canceled out by any choice of φ. Therefore, in order to satisfy (2.29), the second term on the right-hand side in equation (2.25) should vanish. This means that we have to restrict the transformation to the covariant Lie derivatives induced by the one-form ξ satisfying
When the parameter is restricted by this condition, from (2.25), we automatically obtain (2.29) with C = 1.
Gravity on Poisson Manifolds
In this section, we investigate a gravity theory based on the contravariant Levi-Civita connection.
We investigate the analog of the Einstein-Hilbert action defined by the scalar curvature (2.13) [1] . First we derive the corresponding equation of motion and show that it is given by an analog of the Einstein tensor. Then, we perform the Weyl transformation for this Einstein-Hilbert action and discuss how the Poisson tensor couples to the gravity.
Contravariant Gravity Theory
As we discussed in the previous section, in order to define the invariant action with the scalar curvature, we restrict the transformation parameter 1-form ξ as θ(dξ) = 0. Furthermore, we take the measure satisfying the divergence theorem (2.26). Thus, the measure is defined with the factor e φ defined by the condition (2.27). The action of contravariant gravity is defined by
We note that a variation of the scalar function φ = φ[θ, G] must also be taken into account when we take the variation of the metric to obtain the equation of motion.
Varying the Lagrangian density with respect to the metric, we find
Since the scalar φ is a solution of the partial differential equation (2.27), we must also consider its variation δφ:
We find that a solution is given by
To derive the variation of the Ricci tensor, we first examine the variation of the Riemann tensor δR kij l . As mentioned in appendix A, the difference of the connection coefficients δΓ
is a tensor, and thus, its contravariant derivative is well-defined:
We find
where we usedΓ
Using the above relation, the variation of the Ricci tensor is obtained by taking a contraction with the metric. Using (2.23) and the definition of φ, (2.27), we obtain
where we used the divergence theorem (2.26). As a result, the variation of the action with respect to the metric reads
Thus, the equation of motion of the metric G ij is
The left-hand side is nothing but the analog of the Einstein tensorḠ ij defined in (2.17). Let us comment on the possible terms one may add to the Einstein-Hilbert action. As usual, one can add a cosmological constant term
Using the equation (3.6), we find that the variation of the cosmological constant term gives
It contributes to the equation of motion as follows
In principle, we can add any diffeomorphism invariant terms to the Einstein-Hilbert-type action, such asR 2 , the Weyl tensor etc. It is also interesting to discuss an analog of the Gibbons-Hawking term when a Poisson manifold has boundaries. In the following section, we mainly focus on the action of the Einstein-Hilbert term (3.1).
Weyl Transformation
We have introduced a scalar degree of freedom φ to keep the divergence theorem (2.26), and derived the Einstein equation (3.11). However, its physical interpretation is less clear. Naïvely, one might think that it originates from a dilaton field. In this subsection, we consider the Weyl transformation and provide transformation rules for the Riemann tensor and the scalar field φ. We also show that an analog of the Weyl tensor can be defined.
Let us consider the Weyl transformation given by
where Ω is an arbitrary function on the manifold. We assume that the Poisson tensor does not change under the Weyl transformation. The coefficientsΓ ij k of the contravariant Levi-Civita connection are transformed as
The curvature tensor becomesR
For n-dimensional manifolds, the Weyl transformations of the Ricci tensor and the corresponding Ricci scalar areR
Here, we consider the Weyl transformation of the Einstein-Hilbert action. We note that under the Weyl transformation the scalar field φ transforms
since the scalar field φ solves the partial differential equation (2.27) . It yields
Therefore, we can eliminate the scalar field φ, which appears in the prefactor of the EinsteinHilbert action, by performing the Weyl transformation. We will show that the two-dimensional contravariant gravity theory can be rephrased in terms of the usual Einstein-Hilbert action.
It is notable that we also find an analog of the Weyl tensor of the form
We can check the Weyl invariance of the Weyl tensor as follows. According to the equations (3.21) and (3.22), we find that Before closing this section, we remark the local scale transformation of the Poisson tensor. In the contravariant gravity theory, we consider both the Poisson tensor and the metric tensor as geometric objects, and we should treat them equally and independently. As we have seen, we can consider any local parameter Ω for the Weyl transformationG ij = e 2Ω G ij . However, we must restrict the local parameter ω for the transformationθ ij = e 2ω θ ij , because the Poisson condition does not hold unless d θ ω = 0. Therefore, compared to the Weyl transformation, the scale transformation of the Poisson tensor is limited.
Gravity on Two-Dimensional Poisson Manifolds
In the previous section, we analyzed general properties of the gravity theory on a PoissonRiemannian manifold. For a more concrete discussion, we consider the case of a two-dimensional Poisson-Riemannian manifold (M, g = G −1 , θ) in detail. We reveal the interaction terms between the metric and the Poisson tensor explicitly.
In two dimensions the Poisson tensor has a form
For any function θ on the manifold, the Poisson condition is satisfied because no three-vector exists on two-dimensional manifolds. Here, we mention that the combination
is invariant under diffeomorphisms, since θ behaves in the same way as d 2 x. It is convenient to use the combination (4.2) to discuss interactions between the Poisson tensor θ ij and the metric
Next, we consider the constraint on the scalar field φ, which is given by (2.27). On the two-dimensional manifold M , the equation reduces to
3)
The general solution for φ is given by
where C is an arbitrary constant. Therefore the Einstein-Hilbert-type action (3.1) takes the form
Field Redefinition We start with the action of the form
where the constant C in eq. (4.5) is set to unity for simplicity. The action can be written as (see appendix C.1)
with introducing a scalar degree of freedom defined by
where the symbol ∇ represents a covariant derivative with respect to the usual Levi-Civita connection. In this article, we assume that the Poisson manifold does not have a boundary. Then, we can do an integration by parts freely and obtain the action of the form
where we have introduced a redefined scalar degree of freedom π defined by
Therefore, we get a free scalar field theory on a two-dimensional Riemannian manifold.
On the other hand, we could have considered the field redefinition by performing a Weyl transform applying to (4.6). The observation here gives a non-trivial consistency check to the formula under the Weyl transformation. The resultant action is We must reach the same result as above. Again, referring to appendix C.1, the action can be written as
With some manipulations we find (see appendix C.2) 14) and these terms turn out to give a surface term, together with the invariant measure:
which does not change the equation of motion, but modifies the action equivalently to doing an integration by parts. Then, the contravariant Einstein-Hilbert action becomes
as obtained in the above.
Cosmological Constant Under the solution of a scalar field (4.4), the cosmological constant term (3.12) gives an interaction term of σ:
In terms of π, the total action is
Conclusion and Discussion
In this paper, we studied the gravity theory based on the contravariant Levi-Civita connection on Poisson manifolds. In particular, we investigated the Einstein-Hilbert-type action given by the scalar curvature constructed from the contravariant Levi-Civita connection. We analyzed the property of the invariant measure and found that for the transformation generated by the contravariant Lie derivativeL ξ , the invariant measure can be defined only when we impose the condition θ(dξ) = 0 on the parameter one-form ξ.
We also discussed about the divergence theorem. We found that it is necessary to introduce an additional factor e φ in the invariant measure which satisfies the partial differential equation (2.27 ). The reason is that as shown in (2.23), the divergence given by the contravariant LeviCivita connection does not become a surface term with the naïve invariant measure. In terms of the d θ -cohomology, the differential equation (2.27) which defines φ implies that the one-vector Γ ij i ∂ j is d θ -exact. Although the vector fieldΓ ij i ∂ j is d θ -closed for any Poisson tensor θ, it is not necessarily exact in general. In this article we assume thatΓ ij i ∂ j is exact. Therefore, the scalar field φ is always expressed by the metric and the Poisson tensor. It would be interesting to consider a generalization of the differential equation to the gravity theory with nontrivial
We proposed an analog of the Einstein-Hilbert action (3.1) with an invariant measure which is consistent with the divergence theorem. Then, we derived the equation of motion for the metric G ij . This equation is written by the analog of the Einstein tensor (2.17) in the contravariant gravity theory. Note that we can also add a cosmological term.
The Weyl transformation of the Riemann tensor in the contravariant theories is established. Its behavior under the Weyl transformation is very similar to the behavior of the ordinary Riemann tensor of the usual Levi-Civita connection. The scalar field φ transforms under the Weyl transformation is compatible with the condition (2.27). In addition, we could absorb the dilaton-like coupling of the scalar field φ in the contravariant Einstein-Hilbert action, i.e. we could move to the Einstein frame in the contravariant gravity theory.
Furthermore, we discussed in detail the interaction between the Poisson tensor and the metric on the two-dimensional Poisson manifold. In this case, we solved the differential equation (2.27) without any assumption for the Poisson tensor and the metric, and we gave an explicit form of the contravariant Einstein-Hilbert action. In addition, we showed that the action can be expressed by the ordinary Einstein-Hilbert action coupled to a free scalar field π. We also discussed the interaction term induced by the cosmological constant term. The interaction turned out to be described by an exponential potential of the scalar field π in the usual Einstein theory.
There are some interesting future directions to study the contravariant gravity theory. In general, we can add all possible terms which are compatible with contravariant gravity, for instance a kinetic term of the Poisson tensor. It would also be natural to ask whether one can move on to noncommutative spaces, applying the quantization of the Poisson structure in [19] . In this sense, as we mentioned in the introduction, our theory may be related to gravity theories on noncommutative spaces discussed in the purely mathematical as well as in the string/Mtheoretical literature, such as [3, 4, [9] [10] [11] [12] [20] [21] [22] [23] [24] .
Recently, a notion of emergent geometry has been discussed within matrix theoretic and noncommutative geometric frameworks [25] [26] [27] [28] [29] . In those considerations, the Poisson tensor plays a role as significant as the metric. Recalling that our theory handles the Poisson tensor on an equal footing with the metric, it would be interesting to apply our framework to geometries arising from matrix models of superstring theory and M-theory, especially those equipped with the Kähler structure [30] [31] [32] [33] .
It would be also interesting to use our framework for the description of effective theories of superstring theory. Actually, our original motivation to introduce the gravity with the (quasi-) Poisson structure and, as it turned out, with the contravariant Levi-Civita connection was to describe aspects of T-duality such as non-geometric background fields, e.g. R-flux [1, 13, [34] [35] [36] [37] [38] [39] [40] . In these references, the same connection is utilized to formulate the non-geometric fluxes. On the other hand, the non-geometric background with Poisson structure is also analyzed by using the supergeometric method in a recent study [41] . It is also interesting to discuss the gravity theory with Poisson structure from the supergeometric point of view [42] [43] [44] [45] [46] .
Finally, one can consider the contravariant gravity theory in odd-dimensional spacetime where the Poisson tensor must be degenerate. Note that we did not need the non-degeneracy of the Poisson tensor in our analysis. The degeneracy would clarify the difference between the gravity theory based on the contravariant Levi-Civita connection and that of the usual LeviCivita connection, since the degeneracy of the Poisson tensor gives rise to a degeneracy of the contravariant Lie derivatives, which then might fail to generate full diffeomorphisms. This defect of diffeomorphisms would give new aspects in the gravity theory. The dimensional reduction has a similar effect. Along this line, a dimensional reduction has been already discussed in part on the Courant algebroid level [47] . As a related study, the (generalized) Einstein-Hilbert actions and their dimensional reductions have been also discussed from a viewpoint based on the Courant/Leibniz algebroid by [48, 49] . Besides, in odd-dimensional spaces there are the contact structure, the Jacobi structure and the Nambu-Poisson structure, as specific structures related to the Poisson structure. It is an open question how the gravity theory coupled to such structures could be realized. The investigation of these structures is a near future project and we hope that this will shed some light on the properties of odd-dimensional noncommutative and nonassociative spaces. and detailed arguments can be found in [1, 13] and also in [14] [15] [16] [17] [18] . Based on the Lie algebroid, we define a contravariant affine connection, its torsion and curvature tensors. 
Lie Algebroid on Poisson Manifolds
Contravariant Affine Connection Let us introduce a notion of contravariant affine connection∇ on the Lie algebroid Γ(T * M ). It is defined as a map satisfyinḡ
for any 1-forms ξ, η and function f . Thus, the covariant derivatives are global objects and independent of our choice of local coordinates. On some local patch {x i }, the connection above is specified by the coefficients
for one-form basis {dx i }. On another local patch, say {x ′ i }, we have another set of basis of one-forms {dx ′ i }. For this basis, we introduce the coefficientsΓ ′ as
On the intersection of the two local patches {x i } and {x ′ i }, on the other, we also havē
with a use of (A.3) and (A.4). Then we can extract the behavior of the coefficients under coordinate transformations. As usual, the coefficients do not behave as a tensor:
This property (A.7) implies that the subtractionΓ (1) −Γ (2) of any two connectionsΓ (1) andΓ (2) behaves as a tensor of type (2, 1), as long as the same Poisson tensor is utilized. And also the trace of the connection coefficients {Γ ab a } defines a tensor of type (1, 0), i.e. a vector field.
Torsion and Curvature The torsion of a contravariant affine connection∇ is defined bȳ
T turns out to be a tensor of type (2, 1), since it satisfiesT (f ξ, η) = fT (ξ, η) =T (ξ, f η).
The curvature of a contravariant affine connection∇ is defined bȳ
It is easily shown that, for any functions f, g and h, it satisfiesR(f ξ, gη)(hζ) = f ghR(ξ, η)ζ.
The curvature, together with the torsion tensorT , satisfies the following Bianchi identities
where S denotes the cyclic sum over ξ, η and ζ.
B Relation between (Contravariant) Levi-Civita Connections
The contravariant Levi-Civita connection is related to the usual Levi-Civita connection bȳ
where K ij k is understood as a contravariant version of contorsion tensor
Here ∇ denotes the ordinary usual Levi-Civita connection. The raising and lowering of the indices are done by the metric G and G −1 as usual, e.g. ∇ i = G ij ∇ j . The contravariant Riemann tensor in terms of the usual Levi-Civita connection and the contorsion tensor reads
where R k lmn is the ordinary Riemann tensor made out of the metric G ij . By using the expression (B.3), the contravariant Ricci tensor and the scalar curvature are also written as
where θ ij = G ik G jl θ kl .
C Computations on Two-dimensional Manifolds
Some straightforward but lengthy computations are presented.
C.1 Calculation of Ricci Tensor
Since the Riemann tensorR 
where R jlmn is the Riemann tensor made out of g ij , ∇ denotes the usual Levi-Civita connection and the indices are lowered by the Riemannian metric g ij :
which implies
Here we have introduced σ = √ gθ. In the following we demonstrate explicit computations of each terms in (C.3). We can see immediately that the first term is
To calculate the second and third terms, we consider a covariant derivative acting on the Poisson tensor:
Since Γ i kl ǫ lj + Γ j kl ǫ il is antisymmetric under an exchange between i and j, we have the relation
Therefore we find the covariant derivative on the Poisson tensor becomes
(C.9)
Utilizing this, we have
Using above relations, we find the second and third terms in (C.3) become
Therefore, we get an explicit form of the Ricci scalar in terms of σ:
C.2 Calculation of Weyl Transformation
In the following, we calculate G kjL kij i
explicitly. On a two-dimensional manifold we find
(C.14)
Thus we see, with a use of (2.26), Hence an additional term in (4.11) induced by a Weyl transform is just a surface term for any choice of Ω. Furthermore, in the case (4.12) we have
Here we utilized the fact∇ dx k G ij = 0 and the formula (2.22) . Substituting θ ij = 1 √ G −1 σǫ ij and using ǫ ik ǫ jl G kl = G −1 G ij , we find that 
